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Abstract 

The development of theoretical failure, fatigue, and wear models for ultra-high molecular 

weight polyethylene (UHMWPE) used in joint replacements has been hindered by the lack of a 

validated constitutive model that can accurately predict large deformation mechanical behavior 

under clinically relevant, multiaxial loading conditions. Recently, a new Hybrid constitutive 

model for unirradiated UHMWPE was developed [1] based on a physics-motivated framework 

which incorporates the governing micro-mechanisms of polymers into an effective and accurate 

continuum representation. The goal of the present study was to compare the predictive capability 

of the new Hybrid model with the J2-plasticity model for four conventional and highly 

crosslinked UHMWPE materials during multiaxial loading. After calibration under uniaxial 

loading, the predictive capabilities of the J2-plasticity and Hybrid model were tested by 

comparing the load-displacement curves from experimental multiaxial (small punch) tests with 

simulated load-displacement curves calculated using a finite element model of the experimental 

apparatus. The quality of the model predictions was quantified using the coefficient of 

determination (r2). The results of the study demonstrate that the Hybrid model outperforms the 

J2-plasticity model both for combined uniaxial tension and compression predictions and for 

simulating multiaxial large deformation mechanical behavior produced by the small punch test.  

The results further suggest that the parameters of the HM may be generalizable for a wide range 

of conventional, highly crosslinked, and thermally treated UHMWPE materials, based on the 

characterization of four material properties related to the elastic modulus, yield stress, rate of 

strain hardening, and locking stretch of the polymer chains.  Most importantly, from a practical 

perspective, these four key material properties for the Hybrid constitutive model can be 

measured by relatively simple uniaxial tension or compression tests. 

 

9#)' :,/&1;constitutive modeling, ultra-high molecular weight polyethylene, UHMWPE, 

Hybrid model, FEM, radiation crosslinking, multiaxial mechanical behavior, small punch test 
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1. Introduction 
 

For many years, ultra high molecular weight polyethylene (UHMWPE) has been the most 

important and widely used polymeric material in load bearing orthopaedic components [2].  

Although UHMWPE has many properties making it an excellent choice for these applications, it 

has been recognized that wear, fatigue and plastic deformation of UHMWPE components cause 

significant problems limiting the lifetime of joint arthoplasties [3]. One recent approach to 

improve the wear resistance and thereby reduce the long-term complications in total joint 

replacements has been to substitute UHMWPE with radiation crosslinked and heat treated 

UHMWPE [2].  For example, recent hip simulation studies [2,4-7] have shown that radiation 

crosslinking can substantially improve the wear resistance of UHMWPE.  

 

Contemporary highly crosslinked UHMWPE materials are also heat treated after 

irradiation to reduce free radicals and modify the crystallinity, thereby also influencing the 

mechanical behavior of the polymer [5,8,9]. The extent of changes to free radicals and 

crystallinity will depend upon whether the heat treatment is conducted above or below the melt 

transition, which for UHMWPE occurs at approximately 135°C. The heat treatment methods 

used to produce contemporary highly crosslinked UHMWPE components vary substantially 

between different orthopaedic manufacturers [5]. However, the precise methodological details 

associated with post-irradiation heat treatment procedures remain proprietary for highly 

crosslinked UHMWPEs. Consequently, only a few studies have been published regarding the 

influence of post-irradiation heat treatment on the mechanical behavior of highly crosslinked 

UHMWPE, and many aspects of the annealing and free radical quenching process remain 

incompletely elucidated [5,8-10]. 

 

Previous theoretical attempts to predict clinically relevant damage modes for 

conventional UHMWPE have thus far been of limited success due to the lack of a well tested and 

validated constitutive model for the polymer. The recent clinical introduction of elevated 

crosslinking and subsequent thermal modification treatments presents further challenges from the 

perspective of developing a unified conceptual and theoretical framework for predicting the large 
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deformation mechanical behavior of UHMWPE under either uniaxial or more complex 

multiaxial loading conditions relevant to joint replacements. In the orthopaedics research 

community, the isotropic J2-plasticity constitutive model has to date been the most widely used 

approach to predict the behavior of UHMWPE in finite element simulations of orthopaedic 

components [11], though, recently, a monotonic elasto-perfectly plastic material model has been 

proposed [12]. However, as has been discussed previously [1,11], models such as isotropic 

plasticity (and elasto-perfectly plastic models) have certain critical limitations when applied to 

UHMWPE, including rate independence and a linearly elastic recovery rule which results in 

significant over predictions of plastic strain upon unloading. Most importantly, isotropic 

plasticity was developed for metals, and hence cannot predict the molecular anisotropy that 

evolves in the polymer at large deformations. A previous preliminary study suggests that the J2-

plasticity model performs poorly when simulating unirradiated UHMWPE under large 

deformation, multiaxial loading conditions [13]. However, the capability of the J2-plasticity 

model to predict the multiaxial behavior of crosslinked and heat treated UHMWPE has not yet 

been closely examined. 

 

During the last 10 years, a number of advanced, specialized constitutive theories for 

glassy polymers have been developed [14-16]. These models, most of which are motivated by 

the physical behavior of the polymer microstructure, are much better candidates for simulating 

the mechanical behavior of UHMWPE orthopaedic components than the J2-plasticity model. For 

example, a recent study [1] demonstrated that the Arruda-Boyce model [15,16], the Hasan-Boyce 

model [14], the Bergström-Boyce model [17], and a new Hybrid model [1] all produced better 

predictions for unirradiated UHMWPE than the J2-plasticity model under uniaxial loading 

conditions. However, for a constitutive model for UHMWPE to be useful, it needs to accurately 

predict mechanical behavior under multiaxial loading conditions. 

 

The stress state in UHMWPE components under !"#$!$% loading is complex.  From prior 

analytical studies, design and patient factors such as the conformity of the joint, the thickness of 

the UHMWPE component, as well as the magnitude of the applied load (related to the patient’s 

weight) will influence the macroscopic state of stress in a UHMWPE component, independent of 

material considerations [18-20]. In tibial components, where the nonconformity between the 
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articulating surfaces may be large, the UHMWPE will be subjected at the continuum level to 

multiaxial stresses with compressive, tensile, and shear components that vary with depth from 

the articulating surface and with distance from the center of contact [18-20]. Adhesive, abrasive, 

third-body, and fatigue wear of UHMWPE components occur at the microstructural level 

[7,21,22]. For these micro-damage modes, the governing stress state in the UHMWPE is also 

complex, multiaxial in nature, and not fully understood. Continued development of analytical 

models to predict the stresses in UHMWPE orthopaedic components, both at the continuum level 

for design evaluation and at the microstructural level for simulation of wear and damage, should 

be advanced by the validation of a constitutive theory for conventional and highly crosslinked 

UHMWPE.   

 

A variety of multiaxial tests have been developed to probe the mechanical behavior of 

semicrystalline polymers. Using large specimens, researchers have previously conducted 

multiaxial testing of polyethylene in combined tension/torsion [23], simple shear [24], and 

confined (plane strain) compression [25]. Using miniature specimens, researchers have 

developed the small punch test for equibiaxial loading [8,26] and, more recently, the shear punch 

test [27], for UHMWPE. Of the available multiaxial test methods, experimental data from the 

small punch test was selected for use in discriminating between the Hybrid model and the J2-

plasticity model in the current study.  

 

During the small punch test, the miniature disc-shaped UHMWPE specimen is indented 

by a hemispherical head punch and initially subjected to elastic bending, followed by visco-

plastic bending. During a third, drawing phase of the test, the UHMWPE specimen plastically 

deforms around the head of the punch, and stretches the polymer in biaxial tension to the point of 

failure. In the biaxial drawing phase of the small punch test, the crystalline microstructure of 

UHMWPE has been shown to evolve differently than during uniaxial tension [28].  The small 

punch test, therefore, represents a series of challenges from a constitutive modeling perspective 

in terms of the need to accurately predict multiaxial viscoplastic bending as well as large 

deformation biaxial tension. Finally, unlike other multiaxial tests for UHMWPE, the mechanical 

behavior characterized by the small punch test has been correlated to wear in hip simulator 

experiments [29,30] and associated with the clinical performance of retrieved hip and knee 
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replacements [3,31].  

 

The goal of this study was to compare the predictive capability of the new Hybrid model 

(HM) with the J2-plasticity model during multiaxial loading for a range of clinically relevant 

UHMWPE materials. We previously conducted large deformation uniaxial tensile tests to failure, 

which occurred at true strains up to 1.7 for two conventional and two highly crosslinked 

UHMWPE materials.  Our previous objective was to provide some of the necessary data for 

benchmarking of constitutive theories, such as the Hybrid model [9].  Uniaxial compression tests 

were also previously conducted on the conventional and highly crosslinked materials, but only 

up to true strains of -0.6, due to limitations in the experimental apparatus [9].  Ideally, the 

constitutive model should be calibrated using a comparable strain range in uniaxial tension and 

compression.  Furthermore, to validate a constitutive theory, the model should be exercised 

under different loading conditions than were used to for calibration. Consequently, in the current 

study, we obtained samples from the same materials that were used in our previous uniaxial 

experiments and conducted a new series of large-deformation uniaxial compression and 

multiaxial (small punch) mechanical tests at room temperature for benchmarking and validation 

of candidate constitutive theories. This combined experimental and analytical study addressed 

the following two research questions: (1) When calibrated in large-strain uniaxial tension and 

compression, how well do the J2-plasticity and Hybrid models predict the large deformation, 

multiaxial mechanical behavior of conventional and crosslinked UHMWPEs during the small 

punch test?; and  (2) How does crystallinity and radiation crosslinking influence the parameters 

of the Hybrid model? In this research, we tested the hypothesis that the Hybrid model is a better 

predictor than J2-plasticity for the large deformation multiaxial behavior of conventional and 

highly crosslinked UHMWPE. 

 

 

 

2. Constitutive Modeling of UHMWPE 
 

Based on our previous studies [1], the constitutive models that were evaluated in the 
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current study were the J2-plasticity model and the new Hybrid model (HM).  That is, the J2-

plasticity model and the Hybrid model (HM) were fitted to uniaxial experimental data and used 

to predict the multiaxial experimental response for conventional and highly crosslinked 

UHMWPEs. The governing equations for the two constitutive frameworks are summarized in the 

following sections. For a more detailed treatment of these theoretical models, the reader is 

referred to a recent review, which describes four different constitutive models for polymers and 

their applicability to virgin, unirradiated UHMWPE [1]. 

 

2.1 The J2-Plasticity Model 

The J2-plasticity model, which is also referred to as J2-flow theory, is a classical model 

for predicting metal plasticity. This theory is based on a Mises yield surface with an associated 

flow rule, followed by rate-independent isotropic hardening.  Due to its computational efficiency 

and ubiquitous use in commercial finite element packages, the J2-plasticity model has been 

heavily used for many different materials, including polymers.  Also, the J2-plasticity model is 

piecewise linear; thus, the number of parameters is variable, depending on the number of 

piecewise segments that are fit to the stress-strain response.  As noted previously, since the 

mechanisms governing plastic deformation of polymers are quite different from those of metals, 

the J2-plasticity model has several critical limitations with respect to predicting rate-dependence, 

residual plastic strain upon unloading, and the development of anisotropy during large 

deformations [1,11]. 

 

2.2 The Hybrid Model (HM) 

The deformation resistance of both uncrosslinked and crosslinked UHMWPE exhibit 

similar but complicated phenomenological characteristics.  At small applied strains the material 

response is linear viscoelastic.  During monotonically increasing strains the tangent modulus 

(here defined by the slope of the true-stress – true-strain curve) gradually decreases until large 

scale yielding occurs.  If the applied strain is increased further, the tangent modulus again starts 

to slowly increase.  The increase in tangent modulus with strain is an increasing function of 

strain, until final failure occurs.  It is also experimentally known [9] that the tangent modulus 
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increases with applied strain-rate and decreases with specimen temperature. 

 

These experimentally observed characteristic features of the material response are all 

governed by transformation events in the macromolecular microstructure.  The Hybrid model 

(HM) [1] is a physically-inspired model that attempts to incorporate the physical behavior of the 

microstructure into a computationally efficient continuum model suitable for finite element 

analysis.  The implementation details of the HM and the connection between continuum 

formulation and microstructural behavior were recently described [1]; the most important 

features of the model are summarized herein.  Note that the model presented in this work has 

been slightly modified from the original formulation.  The motivation for the modification was 

introduced by new experimental data indicating that the materials were universally stiffer in 

large strain compression than what was previously assumed.  The details of the modifications are 

outlined below. 

 

The kinematic framework used in the HM is based on a conceptual homogenization of 

the microstructure and a decomposition of the deformation gradient into elastic and viscoplastic 

components: < = <& <'.  This decomposition approach has been successfully applied to many 

different classes of materials, including metals [32] and elastomers [33].  In this work, the 

nomenclature used to describe the model is the same as used by Gurtin [34].  The Cauchy stress 

acting on the system can be obtained from the linear elastic relationship: 

 ( )1 2  tr ,& & &
&(

µ λ ! "= + # $= > > 3  (1) 

where >& = ln[?&] is the logarithmic true strain, (& = det[<&], and µ&, λ& are Lamé’s constants.  

For convenience, the Lamé constants can be replaced by the equivalent Young’s modulus ()) 

and Poisson’s ratio (ν): 

 E = µ
2µ + 3λ

µ + λ
,  (2) 

 ν =
λ

2 λ + µ( )
.  (3) 

The backstress tensor, which is responsible for the large strain behavior and non-linear 



 8

recovery during unloading, is given by a hyperelastic representation where the total stress is 

represented by the sum of three terms: the first term (T8chain ) is given by the eight chain model 

[35]; the second term (TI 2 ) is given by a strain energy function with a linear dependence on 

* 2 / 3 2 2 2
2 1 2 3* ( λ λ λ− − −! "= + +# $ ; the third term (TN ) is introduced from the nonlinear elastic process 

associated with the deformation of the crystalline phase.  This representation of the back stress 

network is slightly different than what was used in the original development of the HM [1].  

Specifically, the stress term N  has been simplified by taking Ef ≡ 0 , and the term 2  has been 

introduced.  The details of the new stress expressions are presented in Equations (4) – (7) 

 [ ]8 2
1

1
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+,-!" * ./
/
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+
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In these equations, )!, ˆ ε  are material parameters governing the nonlinear elastic process 

associated with the deformation of the crystalline phase, ε is an effective strain measure defined 

by 2 / 3 '

3
ε = > , where 1/ 2(tr[ ])' ' '4

3
=> > >  denotes the Frobenius norm, >' = ln[?'], 

5', λlock
p  are material constants of the backstress network based on the eight-chain topology 

assumption [35], / is a dimensionless parameter between 0 and 1 specifying the relative 

contribution between 2*=  and 8+,-!"= , and ( )12 6−  is the inverse Langevin function that can be 

approximated by [36]: 

 ( )
( )

( )( )
1

1.31446tan 1.58956 0.91209 ,  if 0.84136

1/ sign x ,                               if 0.84136 x 1.

6 6 6
2 6

6
−

' + <(
= )

− ≤ <(*
 (8) 

The stress driving the plastic flow is given by the tensorial difference between the total 
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stress and the convected backstress: 

 * 1 .& ' &4
&(

= −= = < = <  (9) 

In the HM, the evolution and distribution of activation energies is directly incorporated into the 

expression for the plastic flow rate through the power-law relationship 

 
( )

,
7

'
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ε
τ

γ
τ
+ ,
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/ 0

!  (10) 

where *dev
3

τ ! "= # $=  and the stress exponent 7 evolves with strain according to 

 ( ) ( ) 2
2

ˆ1 ,  if 
ˆ
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9
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and 7!, 79, ˆ ε 2 , α are material constants, and as before, ε is given by 2 / 3 '

3
> .  This 

relationship gives a similar behavior as the Arrhenius-type exponential representation [16], with 

the additional benefit that the flow rate goes to zero as the driving stress goes to zero.  Here, the 

power-law exponent 7 is taken to evolve with local strain from an initial value of 7! in an 

undeformed local strain state to a value of 79 at large deformations.  The key feature of Equation 

(8) is that is enables a distributed yielding process by implicitly incorporating the evolution in 

the activation behavior.  Altogether, there are 13 material parameters that govern the material 

behavior in the HM: )& (Young’s modulus), !& (Poisson’s ratio), )! (initial modulus of the back 

stress network), ˆ ε 1  (transition strain of the back stress network), 5' (shear modulus of the back 

stress network), 'λ  (locking stretch of the back stress network), / (relative contribution of *: to 

the back stress network), "' (bulk modulus of the back stress network), #8-/& (reference shear 

stress resistance), 7! (initial stress exponential factor), 79 (final stress exponential factor), ˆ ε 2  

(transition strain for the stress exponential factor), and $ (power exponent for the transition of the 

stress exponential factor). 
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3 Materials and Methods 
This section first summarizes the four different types of UHMWPE materials that were 

used in this study and the experimental techniques that were used to characterize their 

mechanical behavior.  Then, Section 3.2 describes the analytical procedure that was followed to 

assess the predictive capability of the J2-plasticity model and the HM. 

3.1 Experimental 

The applicability of the J2-plasticity model and the HM to predict the mechanical 

response of both uncrosslinked and crosslinked UHMWPE was examined by comparing the 

predictions of both models with known experimental data for two conventional (i.e., non-

crosslinked and lightly crosslinked with a standard radiation sterilization dose) and two highly 

crosslinked UHMWPE materials. These four materials were created in a previous study and 

characterized in uniaxial tension and compression. The full details regarding the UHMWPE 

materials and the results of the uniaxial tensile experiments can be found elsewhere [9]; 

however, a brief summary of the work is provided below, along with a description of the new 

large strain compression and multiaxial small punch tests which were conducted for the present 

study.  

3.1.1 Previous Conventional and Highly Crosslinked UHMWPE Materials 

Two conventional and two highly crosslinked UHMWPE materials were previously 

created from the same lot of ram-extruded GUR 1050 [9]. The first conventional UHMWPE 

material was a control, virgin, unirradiated material (referred to as “unirradiated”). The second 

conventional UHMWPE material was gamma radiation sterilized in nitrogen with a dose of 30 

kGy (referred to as “30 kGy γ-N2”). The two highly crosslinked UHMWPEs were both gamma 

irradiated with a dose of 100 kGy. One of the crosslinked materials was heat treated until the 

specimen center reached 110°C for 2 hours (referred to as “100 kGy γ-110°C”); the second was 

heat treated at 150°C for 2 hours (referred to as “100 kGy γ-150°C”). The degree of crystallinity 

of the four material types was determined by differential scanning calorimetry (Table 1). The 

four UHMWPE materials, as well as machined specimens, were stored in a freezer (-20°C) to 

minimize any potential post-irradiation oxidative degradation. 
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3.1.2. Previous Uniaxial Tension Tests 

The two conventional and two highly crosslinked UHMWPE materials were previously 

subjected to testing in uniaxial tension [9]. In these experiments, conducted at room temperature, 

specimens with a diameter of 10 mm and a gauge length of 25 mm were monotonically pulled to 

failure at a displacement rate of 75 mm/min.  This displacement rate approximately corresponds 

to a true strain rate of 0.014/s.  A non-contacting video extensometer was used to measure the 

axial strain by tracking the position of two surface marks in the gauge section of the specimen. 

3.1.3 Uniaxial Compression Tests 

In a second test series, cylindrical specimens with a diameter of 10 mm and a height of 15 

mm were prepared from the same two conventional and two highly crosslinked UHMWPE 

materials that were used in our previous study [9]. Either five or six specimens of each material 

were tested (21 specimens total). Compression testing was conducted at room temperature using 

an electromechanical load frame (Instron, Model 4505, Canton, MA). A compressometer 

spanning the parallel test platens was used to measure axial deformation, and a 30 kN load cell 

was used to measure the force subjected to the test sample. True stress and true strain were 

computed from the force and deformation data assuming a homogeneous, constant volume 

deformation as described in our previous report [9]. 

Specimens were compressed at a constant engineering strain rate of -0.02/s to a final true 

strain of –1.5.  This maximum compressive strain corresponds to compression of the sample to 

22% of its original height.  The test platens were polished and lubricated with liquid soap to 

minimize frictional end effects. The testing was recorded using a video camcorder, so that the 

homogeneous deformation assumption used to calculate true stress and strain could be verified 

for every sample tested. 

 

3.1.4. Multiaxial Small Punch Tests 

In a third test series, miniaturized disc specimens, measuring 6.4 mm in diameter and 0.5 

mm in thickness, were machined from the two conventional and two highly crosslinked 

UHMWPE materials. Mechanical testing was performed utilizing a closed loop servo-hydraulic 

test system (MTS, Model 859 Mini Bionix, Minneapolis, MN) equipped with an environmental 
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chamber. Specimens were tested by indentation with a custom-built, hemispherical head punch at 

a constant punch displacement rate (0.5 mm/min) at 20.0°C ± 1.0°C, as described previously 

[8,26] and in accordance with ASTM F 2183-02 [37].  Five specimens were tested for each 

experimental condition, corresponding to a total of 20 specimens for this study (5 specimens per 

material × 4 materials).  

 

3.2. Analytical 

The quality of the predicted mechanical responses of both the J2-plasticity model and the 

HM was evaluated by comparison with the experimental data presented in the previous section. 

The analysis is divided into two parts: the first part describes the calibration of the two models 

and the second part describes the results from validating the models with the multiaxial small 

punch test data. 

 

3.2.1. Model Calibration Using Uniaxial Tension and Compression Tests 

The first step in the performance evaluation was to calibrate the two material models to 

the uniaxial tension and compression data for the four materials.  The goal of this calibration was 

to find the set of material parameters for each of the four materials and for each of the materials 

models that gives the best agreement with the uniaxial experimental results. 

 

For the J2-plasticity model, this is a straightforward task since the predicted response is 

piecewise linear.  The Young’s modulus was directly obtained from the initial slope of the 

uniaxial compression data (the compression data had better strain resolution than the tension data 

at small strains), and the Poisson's ratio was taken as 0.46 [1]. Estimations of the remaining 

material constants (the stress and strain pairs ε i
p  and σ i

p ) were obtained by a graphical 

construction.  It is difficult, however, to use this graphical method to fine-tune the material 

parameters to obtain the best possible agreement between the experimental results and the 

predicted data.  Therefore, an automatic search technique implemented into a custom computer 

program was used to optimize the initial estimations of the remaining material parameters for 

each material.  The input into the computer program was the experimental time, strain, and stress 
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data.  The J2-plasticity model was then applied to obtain the predicted stress response based on 

the given strain history and boundary conditions.  For computational efficiency, the stress 

calculations were performed using a direct implementation of the J2-plasticity model, and did not 

rely on an external finite element program.  The computer program used an iterative procedure 

based on the Nelder-Mead simplex minimization algorithm [38] to find the optimum set of 

material parameters.  There are many different methods that can be used to quantitatively 

evaluate the quality of a predicted response. In this work, the coefficient of determination (r2) 

was used as the main predictor (Appendix A); thus, the reported sets of material parameters for 

the four materials are those that resulted in the highest r2-values. 

 

The determination of the material parameters for the HM is somewhat more complicated 

than for the J2-plasticity model due to the non-linear relation between the material parameters 

and the stress response.  The Young’s modulus and Poisson’s ratio were directly obtained from 

the experimental data for all four materials using the same procedure and values that were used 

for the J2-plasticity model.  Initial estimations of the remaining material constants were obtained 

from previously published values for uncrosslinked UHMWPE [1].  The initial material 

parameter estimations were then optimized with respect to the r2-value by the same automatic 

search technique that was used for the J2-plasticity model.  In addition, the stress calculations 

were based on a direct implementation of the HM.  After the optimal material parameters for the 

four materials were obtained, it was observed that only three of the material parameters ( µp , 

'λ , and 8-/&τ ) varied significantly between the four  materials.  It was therefore possible to 

prescribe each of the remaining parameters to one constant value for the four materials.  For 

completeness, the optimization program was then run one more time for each of the four 

materials, with optimization only performed with respect to the three parameters µp , 'λ , and 

8-/&τ . 

 

The tension tests discussed in Section 3.1, were performed on ASTM D638 specimens 

which have a cross-sectional area in the gauge section that is smaller than at the specimen ends.  

This geometry gives a non-homogeneous stress and strain distribution in the specimen during 

testing.  However, since the stress and strain state can be assumed to be uniaxial inside the gauge 
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section and the corresponding local strain history in the gauge region was measured as a function 

of time, it is possible to simulate the uniaxial tension experiments using a pure uniaxial 

deformation state in the gauge section.  As also discussed in the experimental testing section, the 

compression experiments were performed on lubricated cylindrical specimens resulting in a 

purely uniaxial deformation state. 

 

3.2.2 Model Validation Using Multiaxial Small Punch Tests 

After the optimum material parameters were found from the uniaxial data for each 

material and model, the same set of material parameters where then used to simulate the small 

punch test described in Section 3.1.3.  The simulations were performed using the ABAQUS 

(HKS Inc., RI) finite element package and were based on an axisymmetric representation of the 

experimental punch setup.  The finite element mesh used in the calculations consisted of 360 

quadratic triangular elements to represent  the UHMWPE specimen (Figure 1).  A zoning study 

was conducted to verify convergence of the predicted load-displacement curves predicted by the 

simulation. Many fewer elements were required for convergence in the present simulation, as 

compared to previous simulations of the small punch test [26,30], because of the quadratic 

formulation of the finite elements.  

 

As is shown in Figure 1, the disc-shaped specimen was indented with a spherical punch 

head and the outside edge of the specimen was restrained by its frictional interaction with the 

surrounding fixture.  In the results presented in this work, the punch head was displaced at a 

constant displacement rate of 0.5 mm/min.  The friction coefficient between the specimen and 

the punch and the fixture was taken as 0.1. 

 

The effectiveness of the two constitutive models at predicting the complicated multiaxial 

deformation state, as quantified by the force vs. displacement response of the punch, was used to 

assess the usefulness of the two models at predicting the behavior of the uncrosslinked and 

crosslinked UHMWPE materials in a multiaxial deformation state. 
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4 Results 
 

4.1 Experimental 

In the large strain compression testing, all four UHMWPE materials were observed to 

deform homogeneously up to a compressive true strain of -0.6 to -0.8 with negligible barreling. 

At larger strains, some of the specimens were observed to shear sideways, resulting in an 

artifactual reduction of the true stress-curve. Regardless of whether shearing occurred, none of 

the uniaxial compression specimens were observed to fracture or fail by rupture or material 

disintegration during the large deformation compression tests. For the purposes of our present 

study, we only referenced true stress-strain curves that were unassociated with shear-related 

artifact as the basis for benchmarking the constitutive theories. 

 

Figure 2 shows representative true stress vs. true strain response of the two conventional 

and two highly crosslinked materials when subjected to uniaxial loading in tension and 

compression. Representative force vs. displacement curves for the four materials during the 

small punch test are also shown in Figure 2. The difference in stress response between the four 

materials is most pronounced at large strains, where the crosslinked materials are stiffer. At small 

strains, all four materials behave qualitatively similarly, except that the highly crosslinked 

material that was heat treated at 150°C had a slightly lower yield stress. 

 

4.2 Analytical 

As noted earlier, the predicted behavior of the J2-plasticity model is piecewise linear, and 

for practical purposes the number of material parameters was limited to 15 in this study. The 

initial Young’s modulus for both the J2-plasticity model and the HM were extracted from the 

experimental uniaxial compression results [9], and the Poisson's ratio was taken as 0.46 for all 

materials. The optimal material parameters for the J2-plasticity model for the four material types 

with respect to the uniaxial tension data are given in Table 2. The weak dependence of the 

Young’s modulus on the applied strain rate that has been experimentally observed [9] was not 

considered in this work. 
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For all four UHMWPE materials, the J2-plasticity model accurately predicted the stress 

response under monotonic uniaxial tension (Figure 3),  however, the behavior under monotonic 

large strain compression was not well predicted (Figure 4).  The experimentally observed 

response in uniaxial compression was much more compliant than the J2-plasticity model 

predictions. The reason for this discrepancy is that the J2-plasticity model predicts the same 

stress magnitude for the same strain magnitude in tension and compression, whereas the material 

response is much more compliant in compression than in tension.  The r2-values for the four 

materials exceeded 0.94 in tension, but was close to 0.2 in compression (Figures 3 and 4), 

indicative of the inability of the J2-plasticity model to simultaneously predict both uniaxial 

tension and compression at large deformations. 

 

The optimal material parameters for the HM for the four UHMWPE materials are given 

in Table 3.  The HM predicted very well the large strain response, including distributed yielding 

and strain hardening, of all four materials (Figure 5).  The r2-values of these predictions were 

0.94 or higher.  The predicted response in uniaxial large strain compression was slightly less 

accurate (Figure 6).  In fact, the prediction of the sterilized material (30 kGy !-N2) had an r2-

value of only 0.72.  When comparing the experimental data for the sterilized material with the 

unirradiated material it is interesting to note that the sterilized material is stiffer than the 

unirradiated material in both large strain tension and small punch testing, but is softer than the 

unirradiated material in the uniaxial compression testing.  This experimental observation, which 

contributes to the less accurate prediction of the behavior of the sterilized material, is surprising 

and could simply be a result of experimental variability.  As discussed in earlier work [9], the 

variability between different tests can be noticeable and the r2-value between two seemingly 

identical tests can be as low as 0.95.  The average r2-values of the predicted response of the other 

three materials (the unirradiated and the two highly crosslinked materials) was about 0.90.  An 

analysis of the errors and uncertainties of the material parameters used in the HM is presented in 

Appendix B. 

 

When ranked with respect to the overall predictions of the combined tension and 

compression data, the HM is more accurate than the J2-plasticity model (Table 4).  The r2-values 
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for the J2-plasticity model were between 0.49 and 0.69 for the four materials.  The HM, on the 

other hand, had r2-values ranging from 0.85 to 0.96.  Also, the residual errors between the 

predicted and experimental data were favorable for the HM.  The optimal material parameters, 

for both the J2-plasticity model and the HM, found by calibration to the uniaxial testing data, 

were then used in the finite element simulations of the small punch test.   

 

The J2-plasticity model predictions, presented in Figure 7, are shown to accurately 

predicted the initial slope of the force-displacement response of the small punch test.  However, 

at deformations past initial yielding, the J2-plasticity model predicted a much stiffer response 

than what was experimentally observed, for all four materials.   Consequently, the r2-values for 

all four UHMWPE materials were zero. 

 

The HM, however, effectively captured an initial peak load in the load-deflection curves, 

followed by membrane stretching, as experimentally observed during the small punch test 

(Figure 8).  In contrast with the J2-plasticity model, for which the r2-values were all zero, for the 

HM, the r2-values for the four UHMWPE materials ranged between 0.89 and 0.94.  The residual 

errors between the predicted and experimental data were also significantly smaller for the HM 

than for the J2-plasticity model.  Overall, for both the conventional and highly crosslinked 

UHMWPE materials, the HM was found to substantially be a better predictor than the J2-

plasticity model using all quality measures during the simulations of the multiaxial loading 

conditions of the small punch test (Table 5). 

 

It is interesting to compare the material parameters of the HM for the two conventional 

and highly crosslinked materials (Table 3).  Although the HM requires the specification of 13 

material parameters, many of the parameters appear to be applicable to any UHMWPE material 

and do not depend on the degree of crosslinking or heat treatment.  As noted previously, four 

HM parameters were found to vary between the UHMWPE materials. In addition to the Young’s 

modulus, which is straightforward to extract from a simple uniaxial experiment, only 5' 

(controlling the strain hardening after yield), 'λ  (controlling the locking stretch which specifies 

the strain level at failure), and #8-/& (controlling the yield stress) were different between the four 

materials.  Each of these four material properties appears to be directly related to either the 
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degree of crystallinity of the material or the radiation dose to which the material was subjected.  

That is, the Young’s modulus ()), and the shear modulus of the back stress network (5') both 

show an increasing trend with the degree of crystallinity, and the locking stretch ( 'λ ) and the 

shear stress resistance ( 8-/&τ ) decrease with radiation dose (Figure 9). 

 

 

5 Discussion 
'

The large deformation behavior of polyethylene has been studied extensively in uniaxial 

as well as plane strain compression, mainly with the goal of better understanding the evolution of 

crystalline texture under compressive loading for comparison with the more widely investigated 

mode of tensile deformation [25,39,40]. Bartczak and coworkers [40], for example, have 

documented the true stress-strain curve for high density polyethylene (HDPE) in uniaxial 

compression at true strains of up to 2.0. As shown in Figure 10, the large-deformation true stress-

strain response in uniaxial compression for unirradiated UHMWPE was comparable to that 

observed by Bartczak et al. for HDPE. Specifically, the true stress strain curve for HDPE is 

predicted to fall below UHMWPE (Fig. 10). A similar trend between HDPE and UHMWPE has 

been observed in plane strain compression by Boontongkong et al. [39]. The favorable 

comparison of our test data with the results from previous studies for HDPE supports our 

conclusion that conventional and highly crosslinked UHMWPE materials are substantially less 

resistant to compressive as opposed to tensile stresses under large deformation loading 

conditions. 

 

We found that both the J2-plasticity model and the HM can accurately predict the 

experimentally observed uniaxial tension or compression behavior of conventional and 

crosslinked UHMWPE under monotonic loading conditions at a constant strain rate.  However, 

to predict both the large strain tension and compression response is a significantly more difficult 

problem that the J2-plasticity model does not predict, but which is well-predicted by the HM. 

 

Ultimately, the most rigorous test of a constitutive theory is to simulate loading 
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conditions other than those used to calibrate the model. To validate J2-plasticity and the HM for 

the present study, the material parameters obtained from the calibration of the model to the 

uniaxial tension and compression data were used to predict the response in the equibiaxial small 

punch test. The results demonstrated  that the J2-plasticity provides unacceptably poor 

predictions of experimental behavior of the large deformation multiaxial behavior of 

conventional and crosslinked UHMWPE.  In contrast, the HM provides substantially better 

predictions of the large deformation multiaxial behavior of the UHMWPE materials under all 

tested loading conditions. 

 

The experimental and numerical data from the present study support the hypothesis that 

the proposed Hybrid model (HM) provides an improved constitutive theory for conventional and 

crosslinked UHMWPE under large scale, multiaxial deformations compared to the widely used 

J2-plasticity model. Unlike the J2-plasticity theory, which is purely phenomenological, the HM is 

based on principles of polymer physics. The results further suggest that the parameters of the 

HM may be generalizable for a wide range of conventional, highly crosslinked, and thermally 

treated UHMWPE materials, based on the characterization of four material properties related to 

the elastic modulus, yield stress, rate of strain hardening, and locking stretch of the polymer 

chains. From a practical perspective, these four key material properties for the Hybrid 

constitutive model can be measured by relatively simple uniaxial tension or compression tests.  

 

However, certain limitations of the HM were also apparent from this study.  For example, 

the prediction of the uniaxial compression data deviates somewhat from the experimental 

observations.  In the experiments, the true stress is seen to continue to increase after initial 

yielding, almost linearly, until a true strain of about –0.3 where the tangent modulus starts to 

decrease.  This behavior, which is likely related to the deformation of the crystalline domains in 

the UHMWPE, is not currently captured by the HM.  Notwithstanding this limitation, it is clear 

that the HM represents a substantial improvement in modeling capability relative to the J2-

plasticity model (Table 5), in terms of predicting strain rate dependence, as well as in predicting 

the large deformation mechanical behavior of UHMWPE under multiaxial loading conditions. 

Due to the similarity between the J2-plasticity model and the HM at low and intermediate strains, 

it remains to be seen what influence the improved simulation capability of the HM will have on 
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the predicted bulk stresses and strains in total joint replacement components. The use of the HM 

compared with the J2-plasticity model may be more important in modeling microstructural-level 

large strain deformations during wear or fatigue damage to the bearing surface of UHMWPE 

total joint replacement components.   

 

To further validate and test the HM, it is planned to examine the behavior in small strain 

loading at different applied strain rates and to examine in detail the unloading behavior after 

different strain excursions. In addition, research is currently underway at our institutions to 

incorporate the validated HM into detailed simulations of the deformation response of 

conventional and highly crosslinked UHMWPE joint components.  The validated HM will also 

be used as a prediction and testing tool in the development of explicit failure and damage models 

of UHMWPE. 
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Appendix A.  Calculation of r2-values and Confidence 
Intervals 

 

Let the experimental stress data-points be defined by )! where i ∈ 1,N[ ] and . is the 

number of data points.  Let ;! be the correspondingly predicted stress points.  The coefficient of 

determination, r2, is here used to evaluate the quality of the model predictions.  Defining E  to be 

the average experimental stress value, <<) to be the sum of square errors of the predicted stress 

values, and <<4 as the sum of square deviation around the experimental average: 
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the r2-value can be obtained from 
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For further data analysis, define the residual error as >! = )! - ;!.  The maximum residual 

error of any data point can then be written 
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and the root-mean-square residual error can be written 

 
0.5

2

1

1 .
>?<

!
!

> >
. =

! "
= % &# $

1 .  

Let the material parameters be denoted by %1 where k ∈ 1,M[ ] and ? is the number of material 

parameters.  By writing the predicted stress points as a function of the material parameters ;!(%1), 

the Jacobian of the residual error with respect to the material parameters can be defined as 
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The maximum Jacobian for each material parameter can be obtained from 
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A 95% confidence interval for the nonlinear least squares material parameter estimates, [%1 - &1, 

%1 + &1 ], can be calculated from: 

 ( ) [ ]1
0.975 ,   1,1 1@ A 3 . ? 1 ?δ −= ⋅ ⋅ − ∈ ,  

where B is obtained from the QR-decomposition of the Jacobian matrix Jk
i , @! are related to the 

magnitude of the diagonal terms of the Jacobian by 
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A is related to the root-mean-square error 
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and F0.975
−1 N − M( ) is the inverse cumulative student’s t-distribution at .-? degrees of freedom. 
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Appendix B.  Error Analysis of the Material Parameters used 
in the HM 

 

Table 6 summarizes the errors and uncertainties in the material parameters used to predict 

the behavior of the highly crosslinked 100 kGy 100°C material using the HM.  The 

corresponding error and uncertainties for the three other materials are similar.  The nomenclature 

used in the analysis is defined in Appendix A.  In Table 6, the Jk
max-column indicates that ˆ ε 1 , λp , 

'&, and / have the largest influence on the maximum residual error and that )&, )!, and "' have the 

least influence on the maximum residual error.  The small magnitudes of the values in the 

∂ r 2( )/ ∂ξk -column indicate that the found material parameters are close to being optimal.  The 

&1-column gives a 95% single-sided confidence interval for the material parameters.  By 

considering the normalized ratio δk / ξ  it is clear that ", #, (2, and !& are the least uniquely 

determined parameters and that #8-/&, )&, 7!, and λ  are the most uniquely and therefore 

influential parameters. 
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Figure 1.  Finite element mesh used in the small punch simulations.  In the testing, the spherical punch head 

indented the disc-shaped specimen that was held in place in the fixture by frictional forces.  The figure 

shows the deformed mesh at a punch displacement of 2.0 mm. 
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Figure 2.  Representative experimental uniaxial tension, compression, and equibiaxial small punch data for the four 

UHMWPE materials.  The tension experiments were performed at a displacement rate of 75 mm/min, the 

compression experiments were performed at an engineering strain rate of -0.02/s, and the punch test was 

performed at a displacement rate of 0.5 mm/min. 
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Figure 3.  Comparison between experimental uniaxial tension data for the four UHMWPE materials and predictions 

from the J2-plasticity model. 
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Figure 4.  Comparison between experimental uniaxial compression data and predictions from the J2-plasticity model 

for the four UHMWPE materials.  The experimental data correspond to an engineering strain rate of  

–0.02/s. 
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Figure 5.  Comparison between experimental uniaxial tension data with predictions from the HM for the four 

UHMWPE materials. 
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Figure 6.  Comparison between experimental compression data with predictions from the HM for the four 

UHMWPE materials.  The experimental data was obtained at an engineering strain rate of -0.02/s. 
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Figure 7.  Comparison between experimental small punch data and predictions from the J2-plasticity model for the 

four UHMWPE materials. 
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Figure 8.  Comparison between experimental small punch data and predictions based on the HM for the four 

UHMWPE materials. 
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Figure 9.  Correlation between radiation dose, degree of crystallinity and material parameters in the HM. 
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Figure 10.  Comparison of uniaxial tension vs. compression response for UHMWPE and HDPE. 
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Material 
Degree of 

Crystallinity 

Unirradiated 0.50 

30 kGy (γ-N2) 0.51 

100 kGy (110°C) 0.61 

100 kGy (150°C) 0.46 

 

Table 1.  Degree of crystallinity of the four UHMWPE materials. 
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@2+//.&+.%#&' ) = 850 MPa, ! = 0.46 

 (' = [0, 0.03, 0.11, 0.60, 1.16, 1.38, 1.68] 

 )D = [14.3, 23.4, 25.4, 51.0, 102.2, 164.0, 580.0] MPa 

  

A4'BC)' ) = 940 MPa, ! = 0.46 

!DE6' (' = [0, 0.03, 0.11, 0.55, 1.20, 1.40, 1.70] 

 )D = [13.1, 24.4, 29.3, 40.0, 112.0, 216.3, 341.8] MPa 

  

344'BC)' ) = 1010 MPa, ! = 0.46 

334FG' (' = [0, 0.03, 0.11, 0.55, 0.90, 1.30, 1.80] 

 )D = [14.6, 25.8, 29.9, 42.5, 82.4, 228.2, 500.0] MPa 

  

344'BC)' ) = 740 MPa, ! = 0.46 

3H4FG' (' = [0, 0.03, 0.11, 0.50, 0.90, 1.20, 2.00] 

 )D = [14.5, 21.9, 25.9, 33.8, 65.1, 175.0, 940.0] 

 

Table 2.  J2-plasticity model material parameters for each of the four UHMWPE materials used in the tension and 

compression simulations at 20°C. 
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Material 

Parameter 
Unirradiated 

30 kGy 

!-N2 

100 kGy 

110°C 

100 kGy 

150°C 

)& (MPa) 850 940 1010 740 

$e 0.46 0.46 0.46 0.46 

)! (MPa) 165 165 165 165 
ˆ ε 1  0.05 0.05 0.05 0.05 

5' (MPa) 7.73 7.37 11.1 8.59 

λ  3.20 3.00 2.80 2.52 

"' (MPa) 2000 2000 2000 2000 

/# 0.20 0.20 0.20 0.20 

#8-/& (MPa) 32.2 32.4 27.8 22.5 

mi 8.0 8.0 8.0 8.0 

mf 4.0 4.0 4.0 4.0 
ˆ ε 2  0.6 0.6 0.6 0.6 

# 2.0 2.0 2.0 2.0 

 

Table 3.  Hybrid model material parameters for each of the four UHMWPE materials used in the tension, 

compression, and small punch simulations. 
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 Error 

Estimation 
Unirradiated 

30 kGy 

!-N2 

100 kGy 

100°C 

100 kGy 

150°C 

J2-plasticity r2 0.52 0.49 0.67 0.69 

 >7-6 (MPa) 64.5 33.5 30.1 21.7 

 >>?< (MPa) 16.8 8.3 6.6 5.2 

      

HM r2 0.85 0.88 0.96 0.93 

 >7-6 (MPa) 61.0 22.7 7.23 8.2 

 >>?< (MPa) 17.0 8.8 3.7 4.1 

 

Table 4.  Error estimations of the J2-plasticity and HM predictions of the combined tension and compression data. 
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 Error 

Estimation 
Unirradiated 

30 kGy 

!-N2 

100 kGy 

100°C 

100 kGy 

150°C 

J2-plasticity r2 0.00 0.00 0.00 0.00 

 >7-6 (MPa) 89.0 82.8 53.4 85.5 

 >>?< (MPa) 51.3 46.2 34.1 43.4 

      

HM r2 0.90 0.90 0.95 0.92 

 >7-6 (MPa) 13.5 13.5 10.2 12.5 

 >>?< (MPa) 7.7 7.4 6.9 8.3 

 

Table 5.  Error estimations of the J2-plasticity and HM predictions of the small punch data. 
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Material 

Parameter 
Jk

max  δk  
∂ r 2( )
∂ξk

 

)& (MPa) 0.024 175 -1.3×10-5 

$e 30.5 1.67 -1.5×10-2 

)! (MPa) 0.051 180 +6.8×10-5 
ˆ ε 1  168 0.062 +4.4×10-1 

5' (MPa) 9.23 9.88 +5.0×10-3 

λp  24.2 2.33 -6.0×10-3 

"' (MPa) 1.4×10-4 3.0×105 -3.6×10-7 

/# 52.0 0.90 +9.4×10-2 

#8-/& (MPa) 0.74 24.7 -6.7×10-4 

mi 1.14 13.6 -4.0×10-3 

mf 2.97 6.33 +1.8×10-2 
ˆ ε 2  7.96 0.69 +5.1×10-2 

# 1.56 4.49 -8.0×10-3 

 

Table 6.  Error estimations and uncertainties of the HM material parameters for the highly crosslinked material “100 

kGy 110°C” used in the tension and compression tests. 

 

 


