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Abstract
The stress-strain behavior of both elastomeric materials and soft biological tissues exhibits time-

dependence and hysteresis when subjected to cyclic loading. This paper discusses a new constitutive
model capable of capturing the experimentally observed behavior under different general multiaxial
loading conditions. The proposed model is a modification of the Bergström-Boyce model (Bergström,
J.S., Boyce, M.C., 1998. J. Mech. Phys. Solids 46, 931–954) in which predictions of cyclic loading states
have been improved by augmenting a reptation-based scaling law to include one additional material
parameter that limits the maximum flow-rate at any given deformation state. By direct comparison
with experimental data on two rubber compounds and two soft biological tissues, the new material
model is shown to capture the rate dependence and the cyclic loading (ranging from positive to negative
axial and shear loadings) in both elastomers and soft biological tissues.

1 Introduction

The stress-strain behavior of elastomeric materials is strongly dependent on time. The time depen-
dence results in numerous experimentally observed phenomenon including: (1) rate-dependence of the
monotonic stress-strain behavior where the stress required to reach any given strain increases with an
increase in strain rate; (2) stress relaxation where the stress will relax (decrease during loading and
increase during unloading) with time at a given strain until reaching a strain-dependent equilibrium
value; and (3) hysteresis during cyclic loading where the magnitude of the hysteresis loop strongly
depends on strain rate. Similar rate-dependence is observed in the stress-strain behavior of many soft
biological tissues. For example, the compressive stress-strain behavior of swine brain tissue (?), monkey
liver and kidney tissue (??) are observed to be highly dependent on strain rate, and the cyclic shear
stress-strain behavior of rat septal myocardium tissue (?) exhibits hysteretic stress-strain behavior
during cyclic loading similar to that of elastomeric materials.

The rate-dependence, stress relaxation and hysteretic behavior of elastomers are well-known phe-
nomenon and have recently been extensively quantitatively studied, both experimentally and in the
context of the development of fully three-dimensional finite strain constitutive models, by ??, ??, and
?. These three sets of investigators take a similar approach to the formulation of the framework de-
scribing the finite strain kinematics and the decomposition of the stress into a rate-dependent response
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superposed on an equilibrium response, but differ in the precise constitutive description of the stress
contributions. In this paper, we present a constitutive model for the time-dependent behavior of elas-
tomeric materials which builds on our recent work (??). The proposed constitutive model decomposes
the stress-strain behavior into two contributions as physically motivated by the micromechanics of
the deformation of macromolecular networks: (1) an equilibrium network response corresponding to
the stress-strain behavior approached in long time stress relaxation tests, and (2) a time-dependent
network that is permitted to structurally relax with time capturing the nonlinear rate-dependent de-
parture of the stress-strain behavior from the equilibrium response. In the newly proposed form, the
model is formulated to improve the predicted behavior under cyclic loading conditions and to simplify
the numerical implementation of the model. The efficiency of the proposed model is evaluated by
comparison to (1) compression data of an elastomer at different strain rates (?), (2) steady-state cyclic
tension-compression data of an elastomer (?), (3) cyclic shear data on rat septal myocardium tissue
(?), and (4) compression data of monkey liver tissue at different strain rates (??).

2 Constitutive Modeling

The basic foundation of the Bergström-Boyce model (1998) is that the material response can be rep-
resented by two interacting macromolecular networks. The first network, the equilibrium network
(A), is represented with the Arruda-Boyce 8-chain model of rubber elasticity (1993), and the sec-
ond network (B) is represented by an 8-chain network with a relaxed configuration controlled by a
reptation-motivated representation. In the constitutive framework the deformation gradient acts on
both networks: F = FA = FB. The Cauchy stress acting on network A is obtained from the 8-chain
model (?):

TA =
µA

Jλ∗
L−1

(
λ∗/λlock

A

)
L−1

(
1/λlock

A

) dev [B∗] + κ[J − 1]1, (1)

where µA is proportional to the initial shear modulus, λlock
A the limiting chain stretch, κ the bulk

modulus, J = det(F), B∗ = J−2/3FFT , λ∗ =
√

tr[B∗]/3 is the effective distortional chain stretch, and
L−1(x) is the inverse Langevin function where L is given by:

L(β) = cothβ − 1
β

Note that the effective chain stretch is always tensile λ∗ ≥ 1, regardless of the state of deformation.
The deformation gradient on network B is further decomposed into elastic and viscous components:

FB = Fe
BFp

B. The Cauchy stress acting on network B is obtained using the 8-chain model acting on
the elastic deformation gradient Fe

B:

TB =
µB

Je
Bλe∗

B

L−1
(
λe∗

B /λlock
B

)
L−1

(
1/λlock

B

) dev [Be∗
B ] + κ[Je

B − 1]1, (2)

where Je
B = det[Fe

B], Be∗
B = (Je

B)−2/3 Fe
BFeT

B , and λe∗
B =

√
tr[Be∗

B ]/3. In this framework the total
stress in the system is given by TA + TB. The total velocity gradient of network B, LB = ḞBF−1

B ,
is similarly decomposed into elastic and viscous components: LB = Le

B + Fe
BLe

BFe−1
B = Le

B + L̃p
B,

where Lp
B = Ḟp

BFp−1
B = Dp

B + Wp
B and L̃p

B = D̃p
B + W̃p

B. To make the unloading process relating the
deformed state with the intermediate state unique, the plastic spin tensor is taken to be zero (?), i.e.
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W̃p
B = 0.
The viscous rate of change of network B is constitutively prescribed by D̃p

B = γ̇BNB, where
NB gives the direction of the driving stress state convected to the current configuration and γ̇B is
an effective deformation rate. The driving stress state on the relaxed configuration convected to
the current configuration is given by T′

B. By defining an effective stress by the Frobenius norm
τ = ||T′

B||F = (tr[T′
BT′

B])1/2, the direction of the driving stress can be obtained by NB = T′
B/τ . By

using reptation-inspired arguments, ? derived the following equation for the effective strain rate:

γ̇B = γ̇0

(
λp

B − 1
)C

[
τ

τbase

]m

, (3)

where γ̇0, C, τbase, and m are material parameters. In Equation (??), the term
(
λp

B − 1
)C

captures
a strain dependence of the effective viscosity and is a key component in capturing the experimentally
observed rate-dependence. As was discussed by ?, the constant C is close to −1 for most elastomeric
materials. This introduces some difficulty in the numerical implementation of the model since in both
the unloaded state and when the applied strain switches between tension and compression the effective

stretch λp
B is unity (or close to unity) causing the term

(
λp

B − 1
)C

to grow very large. One additional
consequence of this behavior is that the original model has some difficulty predicting the response in
a cyclic loading case that includes both tensile and compressive stress states: when the applied strain

switches between tension and compression, the term
(
λp

B − 1
)C

in the flow representation becomes
very large, often resulting in a too rapid recovery in the plastic strain.

One simple and effective way to improve the model predictions, and to make the model easier to
numerically implement, is to eliminate the singular nature of equation (3). Noting that λp

B ≥ 1, the
singularity can be eliminated through the following modification:

γ̇B = γ̇0

(
λp

B − 1 + ε
)C

[
τ

τbase

]m

, (4)

where ε ≈ 0.01 and is taken as a material parameter. This representation contains all features of the
original equation, but the unphysical artifact that the effective plastic strain rate can become infinite
has been removed. In the original work (?), the strain-dependence of the plastic flow equation was
derived based on a reptation-motivated scaling law. This scaling law governs the main characteristics
of the relaxation behavior of the polymeric material but also contains, as a limiting case, unrealistically
fast flow rates. As will be shown in the next section, the approach taken in Equation (??) retains the
physics of the model while eliminating the singularity at λp

B = 1.

3 Results

In this section the behavior of the original model, Equation (??), and the new flow representation,
Equation (??), are compared for a number of different loading cases and materials.

3.1 Elastomers

A first comparison, shown in Figures ?? and ??, examines the rate dependent hysterectic stress-strain
behavior of a Chloroprene rubber containing 15 vol% of carbon black N600 (?). The material
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Figure 1: Comparison between predictions of the original model and experimental data for a Chloro-
prene rubber with 15 vol% carbon black under cyclic uniaxial compression at different strain rates.
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Figure 2: Comparison between predictions of the new model and experimental data for a Chloroprene
rubber with 15 vol% carbon black under cyclic uniaxial compression at different strain rates.
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parameters used in the simulations were: µA = 1.31 MPa, λlock
A = λlock

B = 3.00, µB = 4.45 MPa,
m = 5.21, κ = 500 MPa, C = −1, γ̇0/τm

base = 0.33 / (s · MPam), in addition ε = 0.001 was used
in the second simulation. A procedure for determining these constants was provided in Bergström
and Boyce (1998) and is outlined in the Appendix. Both figures depict experimental data for uniaxial
compression at two different strain rates 1 and simulation predictions for both compression and tension.
The experiments were performed on ASTM sized specimens (height and diameter were 13 mm and 28
mm, respectively).

As shown in Figures ?? and ??, the rate dependence and hysteresis of the stress-strain behavior
are well predicted by the model. Although no experimental data were available for the transition from
compression to tension, it is clear that the predicted kink in the stress response (Figure ??) just as
the applied strain becomes tensile is not realistic and not a good estimation of the real behavior. The
response of the new flow representation, as shown in Figure ??, overcomes this weakness while retaining
the good prediction of rate dependence and hysteresis. As shown in Figure ??, the incorporation of
ε = 0.001 also increases the initial slope of the predicted stress-strain response. The magnitude of this
effect is controlled by the two shear moduli µA and µB, and the offset strain ε. The influence of the
magnitude of ε is relatively unimportant, e.g. changing ε from 0.001 to 0.01 increases the stress value
at the strain reversal point by less than 0.1 MPa.

Another example of the difference in behavior between the original and new model is shown in
Figures ?? and ?? in which model predictions are compared to cyclic uniaxial tension/compression
experimental data on a carbon black filled rubber compound obtained by ?. They performed their
experiments at ambient temperature on the rubber compound B186 supplied by Continental AG in
Hanover, Germany. The specimens were cylindrical with an initial diameter of 20 mm and an initial
length of 20 mm. The experimental results shown in Figures ?? and ?? were performed at a strain
rate of 5.4× 10−2/s on specimens that had been conditioned to remove the Mullins effect. The figures
illustrate that the tangent modulus of the original model prediction (Equation (3)) is not continuous
when the applied strain switches between tension and compression and that the new modified model
removes this undesirable feature. The material parameters used in the simulations were: µA = 1.39
MPa, λlock

A = λlock
B = 2.62, µB = 1.07 MPa, κ = 500 MPa, m = 1.79, C = −0.16, γ̇0/τm

base = 0.18 / (s ·
MPam); in addition, ε = 0.01 was used in the second simulation.

3.2 Soft Biological Tissues

The stress-strain behavior of many soft biological tissues has similar features and dependencies as that
of elastomeric materials. Several investigators (e.g. ??) have used invariant-based constitutive laws
of rubber elasticity (such as the general ? formulation) to model the rate-independent or equilibrium
response of soft biological tissues. Time dependence is then modeled by taking the material coefficients
of the invariant-based constitutive model to be time-dependent using a series of time decaying exponen-
tials (e.g. (??)). More recently, Bischoff et al. (2000, 2001) have connected the constitutive model to

1The tests were conducted at room temperature using a computer controlled Instron servohydraulic uniaxial test-
ing machine operated in strain control mode using an extensometer to eliminate the load train compliance errors. The
specimens were compressed between hardened steel compression platens which contained a spherical seat for improved
alignment. Barelling was prevented by inserting thin sheets of Teflon foil between the specimen surfaces and the compres-
sion platens. All specimens were conditioned by 5-6 load cycles with increasing amplitude to a final true strain of about
−1 prior to testing to remove the influence of the Mullins effect (?) and to insure repeatability in the tests.
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Figure 3: Comparison between predictions of the original model and experimental data in cyclic
tension/compression on a carbon black filled rubber compound. The experimental data was obtained
at a stretch rate of 5.4× 10−2/s.
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Figure 4: Comparison between predictions of the new model and experimental data in cyclic ten-
sion/compression on a carbon black filled rubber compound. The experimental data was obtained at
a stretch rate of 5.4× 10−2/s.
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the underlying network structure of the soft biological tissue.2 Bischoff, et al have successfully used the
Arruda-Boyce 8-chain network model to capture the stress-strain behavior of skin (2000); moreover, the
physical meaning of the material constants has enabled them to systematically capture the effects of
aging on the stress-strain behavior of skin tissue in a manner connected to the changes in the evolution
of the underlying microstructure of skin tissue with age. More recently, ? have extended this 8-chain
network approach to capture the anisotropic character of the stress-strain behavior of myocardium and
arterial tissues by modelling the network to possess an initial orientation. ? have taken a similar, but
phenomenological approach by applying a tensorial bias to their invariant-based model.

Here, we do not purport to fully capture the microstructural basis for the time-dependent mechanical
behavior of soft tissue, but instead simply demonstrate that the time-dependent and the cyclic loading
behavior can be captured, using the time-dependent network-based model proposed in this paper, with
the same degree of success as found in predicting rate-independent equilibrium behavior of tissues. The
proposed model assumes two networks acting in parallel, an equilibrium network and a time-dependent
network, and may have broader implications for the soft tissues where the tissue may, literally, have
multiple collagenous networks and/or combinations of collagen and elastin networks comprising the
underlying structure. Here, we do not delve into such microstructural particulars, but instead ascertain
the applicability of the current model to data available in the literature.

The ability of the new model to capture the simple shear data of rat septal myocardium (?) is now
assessed. ?, developed a new mechanical testing device to experimentally determine the stress response
of a square tissue sample (5 mm × 5 mm × 2.2 mm) when applying independent shear deformations
in two orthogonal directions on the specimen top surface. In their experiments, immediately following
dissection of the tissue, the thickness of the specimen was measured using a micrometer. The specimen
was then glued to the lower and upper tissue platforms of the shear-test device using a thin coat of
cyanoacrylate adhesive. A small preload was applied for about five minutes to facilitate the adhesion
of the surfaces. Before testing, cardioplegic solution was added to the bath and the sample holder was
lowered until a zero compressive force was obtained.

In the experiments, the rat septum material exhibited an anisotropic response. The experimentally
determined shear stress as a function of applied shear strain for one direction is shown in Figure ??
together with simple shear predictions from the new model (?). The figure shows that the predicted
stress response is in good agreement with the experimental data3. Due to the Poynting effect, a
significant normal compressive stress also evolves with shear strain. Figure ?? depicts experiment and
simulation results for the normal stress as a function of cyclic shear strain. The magnitude of the stress
is reasonably well predicted by the model. The discrepancy between the experimental data and the
model predictions is likely due to the anisotropic behavior of the material. We also note the model
prediction of the normal stress cyclic response shows the response to cross-over as it goes from positive
to negative shear and follows a “Figure 8” type of pattern (no note of this aspect of the behavior is
made in ?). A finite element analysis of the simple shear test was conducted to ascertain edge effects
on the results and nearly identical shear and normal stress-strain results were obtained. The material
constants used in the simulations shown in Figures ?? and ?? were: µA = 2.0 kPa, λlock

A = λlock
B = 1.07,

2The underlying structure of soft biological tissues generally consists of a network of entangled collagen fibers and/or
elastin in a matrix.

3Note that the model does not capture the anisotropy, but the model can be extended to include anisotropy following
the approach of ? or an alternative approach given in ?, ?. For this particular material, the Bischoff, et al. approach is
most relevant.
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Figure 5: Comparison between predictions of the original model and experimental data in cyclic
simple shear of rat septal myocardium tissue. The experimental data was obtained at a shear strain
rate of 0.067/s.
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Figure 6: Comparison between predictions of the new model and experimental data in cyclic simple
shear of rat septal myocardium tissue. The experimental data was obtained at a shear strain rate of
0.067/s.
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µB = 10.0 kPa, m = 4.0, κ = 100 kPa, C = −1.0, γ̇0/τm
base = 0.15 / (s · MPam), and ε = 0.01.

A final test of the application of the constitutive theory to soft tissue is shown in Figure ?? where
experimental data for the strain rate dependent compressive stress-strain behavior of Rhesus monkey
liver tissue (?) are compared with model predictions using µA = 27.5 kPa, λlock

A = λlock
B = 1.17,

µB = 186 kPa, m = 0.12, κ = 500 kPa, C = −0.75, γ̇0/τm
base = 0.39 / (s · MPam), and ε = 0.01. In

Figure 7: Comparison between predictions of the new model and experimental data on compression
of monkey liver tissue at different strain rates.

the experiments the liver tissue was deformed in vivo in uniaxial compression at different strain rates
to a final true strain of −0.5. As shown in the figure, the new model captures the experimentally
observed stress response at the different strain rates tested. We note that ? was also able to capture
this rate-dependent behavior using a phenomenological viscoelastic model with multiple time constants
and moduli.

4 Conclusions

Both elastomers and soft biological tissue often exhibit time-dependence and hysteresis when subjected
to time-varying applied loads. It has previously been noted that the time-dependent and hysteretic
nature of elastomers can be predicted using the Bergström-Boyce model (1998). However, there are two
problems with the original Bergström-Boyce model. First the predicted stress-strain response under
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cyclic loading conditions is not C1 continuous as it passes from tension to compression. And second, it
has been noted that the model can be challenging to numerically implement due to the fast flow rate
when λp

B is close to 1.
In this paper, a modification to the original model is presented that addresses and resolves both

of these issues. The new version of the Bergström-Boyce model contains one additional material
parameter, a constant that effectively limits the maximum rate of the visco-plastic flow. Through
experimental comparisons with common elastomers it is shown that by taking this additional parameter
to be close to 0.01, good agreement with experimental data on rate dependent and hysterectic behavior
is obtained. Furthermore, the model was shown to capture the rate dependence and the hysteresis
of exemplar soft biological tissue samples indicating that the constitutive model may prove useful in
simulating soft tissue behavior.
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A Determination of Material Parameters

The material parameters needed by the constitutive model are: the properties of network A (µA, λlock
A , κ),

the properties of network B (µB, λl
Bock, κ), and the properties of the time-dependent element (m,C, γ̇/τm

base).
The following procedure can be used to determine these properties:

1. The constants µA and λlock
A can be determined from, for example, one uniaxial compression

experiment performed at a very slow deformation rate. The property µA is the shear modulus
at small strain, and λlock

A can be determined from the stretch at which the true stress starts to
increase without limit, λlim, by

λlock
A =

√
1
3

(
λ2

lim +
2

λlim

)
.

2. The constant µB can be determined from a cyclic uniaxial deformation experiment. Let Et be the
instantaneous unloading slope at a strain reversal expressed as the tangent modulus Et = dσ/dε,
then µB can be determined from

µB =
Et

3
− µA

3

[
2λ2 +

1
λ

]
where λ is the stretch at the strain reversal.
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3. The material constant κ is the bulk modulus of the material. If the bulk modulus is unknown
and the material is almost incompressible, it is often possible to take κ sufficiently large, say
κ ≈ 103µA. Note that the bulk modulus has little influence on the results reported in here;
however in loading situations where a rubber component is highly confined the bulk modulus is
important.

4. The material constants m, C, γ̇/τm
base are restricted, based on physical arguments, such that γ̇/τm

base

and m are positive and C close to -1. These three constants can be determined through a graphical
construction but due to their coupled nature it is perhaps easiest to determine them by trial-
and-error from a good initial guess. For a common elastomer take γ̇/τm

base = 5 s−1 (MPa)−m,
C = −1, and m = 4. By comparing the model predictions with experimental data for one
additional experiment at a different strain rate, it is a simple matter to adjust γ̇/τm

base to get the
right strain-rate dependence.
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